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ANALYSIS OF STABILITY OF STEEL MEMBERS WITH ACCOUNT OF
THE FIXING CONDITIONS AND SUPPORTS STIFFNESS

V. Kondel, PhD., Assoc. Prof., D. Loboda, Student,
Poltava V.G. Korolenko National Pedagogical University

Abstract. The authors have studied the stability of compressed steel structures and parts of machines
with account of support conditions. The analysis of experimental and theoretical data of the behaviour
of compressed structures and their members is provided. The new approaches to the critical-load de-
sign with account of supports stiffness are described.
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AHAJII3 CTIHKOCTI CTAJIEBUX EJJEMEHTIB
3 YPAXYBAHHSIM YMOB iX KPIIIJIEHHSI TA )KOPCTKOCTI OIIOP

B.M. Konpgeas, nou., K.1.H., 1.0. Jloboaa, cryn.,
IMosnraBchbkuil HanioHanbHUI Nexaroriynuii yHiBepcurtet iMeni B.I'. KopoJsienka

Anomauin. Poboma npucesuena OOCHIONCEHHIO CMIUKOCMI CMALe8UX CIMUCHYMUX elleMeHmié KOH-
cmpyKkyiti ma demaneti MAWUH 3 YPAXY8AHHAM YMO8 iX KpinienHs. 3anpononogano Hogi npocmi ¢op-
MYAU ORIl PO3PAXYHKIE CIUCHYMUX eleMeHmi6 3a KPUMUYHUMU HABAHMANCEHHAMU 3 YPAXYBAHHIM
HCOPCMKOCMI ONOP.

Knrouosi cnosa: cmucuymi cmanesi enemenmu, po3paxyuku Ha CMIUKICMb, YMOBU KDINAEHHS, HCOp-
CMKICMb ONop.

AHAJIN3 YCTOMYUBOCTHU CTAJIBHBIX DJIEMEHTOB
C YYETOM YCJIOBUM UX KPEILUIEHUA U )KECTKOCTH OIIOP

B.H. Kounpgeas, aou., k.T.H., /[.A. Jlodoaa, cryx.,
[MoaraBckuii HAUMOHAJILHBIN Negarornyecknii yausepcuretr umenu B.I'. Koposenko

Annomauus. Paboma nocéswena ucciedo8anuio yCmouvu8oCmu CMAlbHbIX CHCAMbBIX INEMEHINO8
KOHCIMPYKYULL U 0emaeil Mauun ¢ yiemom yciosutl ux kpenienus. IIpeonosicenvl HO8ble npocmvle
Ghopmynvl 0151 pacuemos CoHcamvix INEMEHMO8 NO KPUMUYECKUM HASPY3KAM C YYEMOM HCeCMKOCMU
onop.

Knwueevie cnosa: coicamvle cmanvhuvle oJIEMERmbl, pacdenmvl Ha ycmoﬁqueocmb, YClo6eus Kpenienus,
HCECMKOCMb Onop.

Introduction

Throughout the service life of the components,
the members of the structures and parts of ma-
chines undergo various damage, the nature of
which depends on their stress-strain state and
working conditions (tension or compression,
bending, torsion, torsional bending, variable
load, etc.). To ensure the strength, reliability and
durability of these members, numerous investi-

gations are conducted on the processes of accu-
mulation of damage, in particular, the origin and
development of cracks in materials from which
the structures and parts of machines are made.
The main directions of preventing these negative
phenomena or reducing their impact on the work
of structures and parts of machines in general is
to conduct timely and qualitative diagnostics,
that is, to determine the technical condition of
the object, research and design of rational cross-
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sectional forms, analysis of the fixing conditions
and supports stiffness.

Among all the members of structures and parts
of machines, significant parts are those that
work on compression: columns, racks, upper
belt trusses, screws in screw-nut transfers, screw
springs, and others. They are designated not on-
ly for strength, but also for stability, because
buckling is a very dangerous phenomenon, re-
sulting in uncontrolled growth of deformation,
and the compressed rod is destroyed almost in-
stantly, which excludes any possibility of taking
effective measures to prevent accidents and dis-
asters. That is why, for a long time the stability
of compressed members has been studied to de-
velop measures to prevent such emergencies in
the future. Since the main tasks of technical di-
agnostics are to control and predict the technical
condition of the object, as well as to identify the
causes of the violation of the normal operation
of the structures compressed members and ma-
chines parts, additional studies should be carried
out on the effect of the conditions of fastening
the ends of the members and the supports
stiffness on the values of critical or dangerous
loading.

Analysis of Publications

Prominent scientists L. Euler, F. Engesser,
F. Yasinsky, L. Tetmayer, T. Karman, F. Shenli
and others [1, 2] contributed greatly to solving
the problem of the stability of compressed
members. They proposed formulas for determin-
ing the buckling load and stress that are unsafe
for a compressed rod, depending on its flexibil-
ity, material, ways of fixing the ends and type of
load.

Experiments have shown that taking into ac-
count the possible danger of instantaneous de-
struction of compressed members of structures
and parts of machines due to uncontrolled
growth of deformations at the marginal loading,
these members should be calculated not only on
the strength of the condition

F
=—<|o], 1
o y [G] (1)
but also for stability
F
F<te, @)
n

where the coefficient of stock 7y, is taken de-

pending on the material, the shape of the sec-
tion, the responsibility of the structure and the
member (for steel from 1.8 to 3.5, for iron from
5.0 to 6.0, for wood from 2.8 to 3.2) [1, 2].

When calculating the allowable load on condi-
tion (2) it is necessary to find a buckling load

F,,., that is, the least axial force that can with-

stand a barely curved compressed rod in equilib-
rium.

For the first time, this problem was solved by
L. Euler [1, 2], who proposed a formula for de-
termining the buckling load for a rod with a
hinged fix at both ends (Fig. 1)

2
n El .
F, =g 3)
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n=0,7 p=1 p=2

Fig. 1. Dependence of coefficients p from the
method of fixing the ends of the rod

Further studies have shown that the value of
buckling load F,. for rods significantly de-

pends on the ways of fixing their ends, so
F. Yasinsky proposed the notion of a buckling
length p/ [1, 2], therefore formula (3) has the

form
_m’El

— min . 4
e 4

Coefficient of buckling length of the rod p
ranges from 0.5 to 2 (Fig. 1), which means that,
by equation (4), the rod, pinched from both ends
(u=0,5), can withstand 16 times the load than
the same rod, pinched from one end and free
from the other (L =2).

It should be noted that the above cases of
attachment of the ends of the rod (Fig. 1) in
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practice, are rarely found in their pure form. The
most widespread cases are the fixation, when
one end of the rod is stiffly fixed, and the other
is elastically stuck (u=0,7) or when both ends

are elastically secured (n=1)[1, 2].

In order to carry out qualitative technical diag-
nostics of compressed members of structures
and parts of machines, one should consider the
impact of the stiffness supports on the value of
the coefficient of buckling length p and the

magnitude of the buckling load F,,..

Purpose and Tasks

The purpose of this article is to study the stabil-
ity of compressed steel members of structures
and parts of machines taking into account the
conditions for fixing their ends and supports
stiffness.

Investigation of Stability of Compressed Steel
Members with Account of Fixing
Conditions and Supports Stiffness

Let us consider the case where one end of the
rod is rigidly fixed, and the other one is elas-
tically obturated (Fig. 2). After the buckling, the
clastically obturated end of the rack moves ver-

tically to a magnitude f, , with the result of an
elastic reaction of the supportR,, which, in

turn, is proportional to the deviation f},

Rb :Cf‘b,

where ¢ is coefficient of the stiffness of the
support B.

We form the differential equation of the elastic
line of the compressed rod after the buckling

d2
EL, S Y =F (f,-y)-c,l-x). (5
dx

Let us denote

g2 o for (6)
El min
Then equation (5) will look
d’y p
X k(- T (1-)
dx min

or

d*y 2 cl 2 ¢fy
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Fig. 2. Compressed rod, pinched from one end
and elastically stuck on the other

The solution of this differential equation is de-
pendence

y= 0sinkx+Dcoskx+f,,(1—;—l)+ﬁx (8)

cr cr

The constants integration C and D and the
buckling load F,, will be determined from the

following three boundary conditions:
when x =0 displacement and the angle of rota-
tion of the section are zero:

y(0)=y,=0; ©)

j—y=¢(0)=¢A=o; (10)
X

when x =1 displacement is equal to deviation
f, (Fig. 2)
y)=y,=1,- (11)

By the condition (9) we find from equation (8)

C
D=~f,(1=2=1).

cr

To use the boundary condition (10) we define
the derivative of the displacement y

d_yszcoskx—szinkx+if,, ,
dx F

cr

where when x =0
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C C
kC+F—f;)=0 or CZ—F](}).

cr cr

We substitute the expressions for constants inte-
gration C and D in the formula (8) and obtain
the final equation of the curved axis of the com-
pressed rod

cf, . cl
y(x)= —ﬁsmkx + £, —F—)coskx +

cr cr
C
_f;) X

cr

m(l—;—in (12)

To determine the buckling load F ., we use the

boundary condition (11). Thus, for x=/ with
equation (12) we have

cf, . cl
y() =—ﬁsmkl+f,,(l—F—)coskl+

cr cr

c . cf,
+f(l——)+=L]=f,
Sl Fcr) F. T

or

——€ inkl— (1Y) coski = 0.
kEF F

cr cr

After simple mathematical transformations, we
obtain the equation

tgklzkl(l—ﬁ), (13)
cl

solving which, that is, determining the least root
k , we can find the buckling load, since

F;r = szImin . (14)

Let us consider two limiting cases. When ¢ =0,
we get tgkl=c0 or kl=m/2, we have a case
where the left end of the rod is stiffly fixed, and
the right one is free, then =2 (Fig. 1) and the
buckling load

min

cr (21)2

_m’El

If ¢ =00 (very stiff support), we get gkl =kl.
Having solved this equation, we have kl=7/a,
where a =0.699155659643...~ 0.7, which gives
the formula for the rod, one end of which is
pinched, and the other is hinged (Fig. 1), then
pn=0,7 and the buckling load

nEl_.

0,70

Thus, if the coefficient of stiffness of the support
¢ varies from zero to infinity, then this can be
taken into account by the coefficient of buckling
length p, which, accordingly, varies from 2 to
0.7. This means that as the stiffness of the sup-
port increases, the coefficient p decreases to-
gether with the stability of the compressed rod
increases and the buckling strength value it can
withstand [1-5]. We deduce the dependence of
the coefficient of buckling length 1 on the stift-

ness of the support c.

To study, we choose a steel compressed rack
with a square cross-section of 5x5 cm. Let us
define its length, taking into account that the
Euler's formula (4) is applied only to flexible
rods in which flexibility A >100 [1, 2]. Since

xz”_l’ (15)

where 7 . is the minimum radius of inertia of
the square cross-section of the rod

P Imin_ a’ _a
min A 4 \hza2 23’

then the length of the rack /= My __Pa_ :
o243

12& =206,2 cm.
24307

For calculations we accept a stable length
[=2,1 m. Then the smallest and most flexible
rod respectively makes up

©0,699-210-243

A i =101,7 and

-291,0.

max

£ 2:210-23
5

Stiffness of the rod with buckling

05 0-05°

EI, =2-1 =0,10417 MH-M’,

and buckling load, which will withstand the sta-
bility with minimal stiffness, that is, at
Ao =101,7 arate of
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_3,14159%-0,10417 _
¢ (0,699-2.1)
=0,4771MH = 477,1 xH.

F, e EI
(ul)* EI ul

~ 314159 > 140m,
©0,699-2,1

Parameter

and the stiffness of the support ¢ can be deter-
mined from the equation (13)

__kE, .
kil —tgkl’
~ 2,140-477,1 ~
©2,140-2,1-1g(2,140-2,1)
=177497,3 KN/m.

Similarly, we find the value of the buckling load
F., the parameter &k and the stiffness of the

support ¢ at various values of the coefficient of
buckling length from 0.7 to 2.0 at intervals of
0.1. The results of calculations are presented in

the Table, in which p® and i u” — the experi-

mental and theoretical values of the coefficients
of buckling length.

Table Results of calculations of the rod for stability

ex F;ra k 5 c, th 6 5
u A KN | ' | KNm | M |0/L
0,699 101,7|477,1]2,140]177497,3] 0,699 0,00
0,700|101,8]475,8]2,137] 9528,8 |0,704| 0,57
0,800| 116,4]364,3|1,870] 232,7 |0,890(11,25
0,900]130,9]287,8/1,662] 153,0 |0,969| 7,67
1,000]145,5(233,1[1,496] 111,0 |1,044] 4,40
1,100[160,0[192,7]1,360] 83,2 |1,121] 1,91
1,200[174,6(161,9|1,247| 63,2 |1,203] 0,25
1,300(189,1[137,9]1,151| 48,1 |1,290] 0,77
1,4001203,7[118,9]1,069] 36,3 |1,381] 1,36
1,5001218,2[103,6]0,997] 27,0 |1,476] 1,60
1,6001232,8] 91,1 [0,935] 19,4 |1,575] 1,56
1,700(247,3| 80,7 [0,880] 13,2 |1,677| 1,35
1,800(261,9] 72,0 [0,831] 8,06 |1,782] 1,00
1,900(276,4] 64,6 10,787 3,71 |1,890] 0,53
2,000]291,0] 58,3 |0,748]0,000161]2,000| 0,00

According to the table data, we construct a plot
of the dependence of the stiffness support ¢ on
the coefficient p (Fig. 3), which confirms that

to increase the stability of the compressed mem-

ber (reducing the coefficient of buckling length
1), it is necessary to increase the stiffness of the

support c.

¢, KN/m
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Fig. 3. Dependence of the stiffness of the sup-

port ¢ from the coefficient of buckling
length p

This graph has the form of hyperbola, therefore,
taking into account the condition that, when
¢c=0 pu=2 and as well c=0 pu=0,699, as
the tabular data of the studies of the stability of
the compressed members, a function pu= f(¢)
with sufficient for practical calculations can be
accurately presented in the form

1,301

W=0,699+—"
0,025¢ +1

(16)

where c¢ is the stiffness of the support, which is
measured in kKN/m.

Using equation (16), we construct a graph of the
dependence of the coefficient of buckling length
of the rod p from the stiffness of the support

(Fig. 4).

2,5
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1 ¢ T~ ——

W
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0,936 0,899 0872 03852
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¢, kxH/m

Fig. 4. Dependence the coefficient of buckling
length p from the stiffness of the support ¢
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The curve p=f(c), which as a function
c=f(n), takes a form of hyperbola, as evi-
dence of a reduction coefficient p (increased
stability of the compressed rod) with increasing
stiffness of the support. The value of theoretical
coefficients of buckling length p” , obtained by
the formula (16), is not much different from ex-
perimental factors p*" in Table (average arith-
metic deviation §,, =2,28 %, average square
deviation — o, =3,82 %), and if you do not
consider the data in the range u=0,8...1,0, the-
se deviations generally are within one percent
(5,=091% and o, =110%). This means
that calculating buckling load from the known
formula (4), the coefficient of buckling length of
the rod p can be determined by equation (16),
taking into account the stiffness of the support
c. It is also important to note that the coeffi-
cient p significantly influences the values of
buckling load, since in the Euler formula (4) it is
in the square. This means that in the case when
c=w (u=0,7), the stable will withstand load

22/0,7°=8,2 times more than with ¢=0
(u=2). The graph p= f(c) shows that the in-
crease in the stiffness of the support ¢ from zero
to 100 kN/m (Fig. 4) affects more significantly
the value of the coefficient p increases the

buckling load (22/1,071> = 3,5 times), than 100

to 300 kN/m (1,0712/0,8522 =1,6times), which
should be taken into account when conducting
technical diagnostics of compressed rods.

The graph shows that the increase in the stiff-
ness of the support from zero to 100 kN/m
(Fig. 4) affects more significantly the value of
the coefficient and increase of the buckling load
(times), than the increase from 100 to 300 kN/m
(times), which should be taken into account
when conducting technical diagnostics of com-
pressed rods.

Conclusion

When investigating the compressed members of
structures and parts of machines, one should pay
attention not only to the conditions of fastening
the ends of the rods (Fig. 1), but also the stiff-
ness of the support, which can be in the range
from zero to infinity, which is taken into account
by the coefficient of buckling length p (from 2

to 0.7).

Calculating the buckling load by formula (4), as
well as the flexibility of the rod A according to
formula (15), the coefficient of buckling length
of the rod p, sufficient for practical calculations

can be determined by equation (16), taking into
account the stiffness of the support.

To increase the stability of the compressed
member, it is necessary to increase the stiffness
of the support, taking into account the features
of the graph p= f(c) for reducing the impact
on the coefficient p of significant values of
stiffness (Fig. 4).

Data on the conditions for fixing the ends of the
rod and stiffness of the supports can be used in
further studies of the stability of the members, in
particular, in determining the stress reduction
factor [6-10], designing compressed members of
constant and variable cross-sections [4], rational
forms of solid and composite cross-sections for
compressed structures and their members [5],
etc. These scientific developments will
improve the reliability and durability of struc-
tural members and parts of machines and will
avoid many accidents and disasters in the
future.
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