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TRAFFIC FLOWS MODELLING BASED ON PROBABILITY OF COINCIDENCE
OF CHAOTIC IMPULSES OF RANDOM DURATION AND RANDOM
INTERVALS BETWEEN THEM

A. Levterov, Professor, DSci.,
Kharkiv National Automobile and Highway University

Abstract. The features of applying the theory of chaotic electrical impulse flows in mathematical
modelling of traffic flows have been considered. Both the moments of appearance of vehicles on the
traffic lane and the moments of appearance of electrical impulse on the time axis are supposed to obey
the Poisson law. It is assumed that the duration of an impulse is equivalent to the length of a vehicle,
and the intervals between the impulses are equivalent to the intervals between the vehicles in the
spatial-temporal axis.
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MOJEJIOBAHHS TPAHCIIOPTHUX ITIOTOKIB HA OCHOBI HMOBIPHOCTI
3BII'Y IMITYJIBCIB, IO IPAMYIOTh XAOTUYHO, BUIIAJIKOBOI
TPUBAJIOCTI U BUITAZIKOBUX IHTEPBAJIIB MI’K HUMH

A.L JleBTepos, npod., K.T.H.,
XapkiBcbKuil HANIOHAJIbHUIT ABTOMOOLILHO-10POKHiil yHIBepcUTeT

Anomayia. Y naw wac npu mooeno8anti mpaHcnopmHux NOmMoKie po3eiioacmucs, 6 momy Yucii, i
KNAc MAakpoCKONiuHux Mooenel, Koau pyx mMpaHcnopmuux 3acobieé YnodiOHIoembcs 0yO0b-aKoMy
Gizuunomy nomoky (2iopo- i eazoounamiuni mooeni). Ax @izuunull ananoe mpaHcnopmHo2o nOmoKy
3anpPONOHOBAHO GUKOPUCHIOBYBATHY THEOPII0 XAOMUYHUX eIeKMPUYHUX IMIYTbCHUX NOMOKIE.

Knrouosi cnosa: mpancnopmuutl nomix, mpancnopmHutl 3acio, XaomudHuil eneKkmpudHul iMnya1bCHULL
nomik, 30ieanHsi MPAHCROPMHUX 34C0DI8.

MOJAEJIMPOBAHUE TPAHCIIOPTHBIX IOTOKOB HA OCHOBE
BEPOATHOCTH COBITAAEHMS XAOTUYHBIX UMITYJ/JIbCOB CIYUYAVHOM
JJUTEJIBHOCTU U CYYAUHBIX UHTEPBAJIOB MEXAY HUMHU

A.W. JleBTepoB, npo¢., K.T.H.,
XapbKOBCKM HAMOHAJIbHBIA ABTOMOOUIbHO-10POKHbIN YHUBEPCUTET

Annomayusa. B nacmoswee 6pems npu MOOenUpOBaAHUU MPAHCROPMHBIX NOMOKOS pPACCMAM-
pusaemcs, 8 mom yucie, U Kiacc MAKPOCKONUYECKUX Moodenell, Koeda O08uiicenue MpaHCHOPMHbIX
cpedcme ynooobisemces 1obomy Guzuueckomy nomoky (2uopo- u eazoouramuyeckue mooenu). B ka-
yecmee PuzUYecK020 aHaAI02a MPAHCHOPMHOZ0 NOMOKA NPeO0NHCEHO UCNOIb308AMb MEOPUIO XAOMU-
YeCKUX INeKMPUYECKUX UMNYTbCHBIX HOMOKOS.

Knrouesvle cnosa: mparncnopmmuulii NOMOK, MPAHCHOPMHOE CPEeOCHB0, XAOMUUHDIL INeKMPUYeCKUll
UMNYTbCHBIN NOMOK, COBRAOEHUE MPAHCHOPIHBIX CPEOCHE.

Introduction on the roads. The application of various mathe-
matical methods and modelling systems enables
Computer simulation of traffic plays an im- to improve the traffic flow capacity, reduce ac-

portant role in improving the transport situation cident rate on the roads, and preserve the envi-
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ronment with minimal financial expenses.Road
traffic is closely connected with the welfare and
life of people. Therefore, the major road acci-
dents are often covered in media, on television,
on the Internet.

Analysis of Publications

According to the information of State Motor
Vehicle Inspectorate of Ukraine, the most fre-
quent reason for traffic accidents is related to the
actions of road traffic participants, for which
reason more than 90 % of accidents from their
total number take place (Fig. 1) [1, 2]. Some of
the most frequent violations connected with ve-
hicles (except those involving pedestrians) are:
exceeding the safe speed, violation of manoeu-
vring rules, non-observance of the distance and
driving onto the oncoming lane of the road.
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Fig. 1. The diagram of traffic accidents in
Ukraine

Currently, in modelling traffic flows, the class of
macroscopic models, when the motion of vehi-
cles is likened to any physical flow (hydro- and
gas-dynamic models) is also considered [3].

Purpose and Tasks

The aim of the work is mathematical modelling
of transport flows on the basis of choosing the
theory of chaotic electric impulse flows as a
physical analogue of the transport flow.We will
proceed from the assumption that violation of
the manoeuvring rules, including driving onto
the adjacent lane of traffic and onto the oncom-
ing lane, will result in a collision of vehicles
when they are in the cross section for a moment
before the convergence or at the time of the
convergence, that is, in the zone of compatible
parallel movement in the cross section of the
road (Fig. 2). We will assume that the moments

of the appearance of vehicles on the lane of mo-
tion obey the Poisson law, that is, they meet the
criteria of ordinarinessand not controlling the
after-effect [4].

Let there be a transport flow with z random
lengths of vehicles and random intervals of
d between them and known densities of proba-

bility P(d) for the intervals between the vehi-
cles and Q(z) for their lengths.

The distance between successive vehicles may
be different. In some cases, it can slightly ex-
ceed the length of the vehicle, while in others it
can be quite large. Similarly, the time interval
between successive vehicles varies. This varia-
bility in time and space is the most notable char-
acteristic of the traffic flow [5].

To know the intervals of time and distance be-
tween successive vehicles is sometimes more
important than knowing the intensity or density
of the flow, as it reflects the true nature of the
traffic flow more fully. The intervals of time and
distance between successive vehicles are those
“bricks” on which the entire traffic flow is built
[5]. Since vehicles are dynamic objects, which
depending on the speed at each moment of time
take a new position in the spatial-temporal plane
[4] (traffic lane), this process can be represented
as a random electric impulse flow on the time
axis [6]. Therefore, it can be assumed that the
duration of an impulse is equivalent to the
length of a vehicle, and the intervals between the
impulses are equivalent to the intervals between
the vehicles.

To do this, we use the theory of random impulse
flows. Let us consider the n probability of coin-
cidence of vehicles of random lengths that go
chaotic, and random intervals between them and
the distribution of their coincidence [7].

Substantiation of mathematical modelling of
traffic flows on the basis of choosing the
theory of chaotic electric impulse flows as a
physical analogue of the transport flow

Let the lengths of the vehicles x; (i=1,2) in two
lanes of motion (n=2)be distributed according
to independent laws f;(x;)in intervals (0, x;, ),
where x,,is the largest length of a vehicle on the

lane. The distribution of the moments of the ap-
pearance of vehicles on each lane of motion is
subject to the Poisson law, which is character-
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ized by average density A <1/x,, .We find the
three-dimensional distribution law
W(3)(xl,x2,z) , where x,and x, are the lengths of

the vehicles, which make a coincidence of with
z duration.

As we know
VV(},)(x]ax2aZ) = (xl)‘(le (x2 /xl)'
W, (Z/xlaxz) )

where ¢, (x,) is the law of the distribution of the
duration of coincidence of vehicles, which are
on the first lane of motion; ¢, (x,/x,) is the
conditional law of distribution of length x, of
coincidence of vehicles of the second traffic lane
to the length , of vehicles of the first lane;

1l

W, (z/x,x,) is the conditional law for the
distribution of z duration of coincidence of the
vehicles to the lengths of x,and x,. The law of
distribution ¢, (x,) differs from the law f;(x;),

as the probability p =X (x, + x, ) of coincidence

of vehicles turns out to be higher with longer
vehicles [4] and therefore the latter coincide on
average more often than shorter vehicles. With
the unchanged length x, of the vehicles on the

second lane, the distribution law is
(p](x]):C'f](x])'k'(x]+x2)ﬂ (2)

where on the condition of normalization
— -1
C=[r(X,+x,)]

magnitude, the law expressed by formula (2)
should be considered as a conditional law of
distribution

In the case of random

(¥ +x,)
x, + X,
¢, (%, /x,). So

(Plz(xl/xz)zg'f](xl)- (3)

1 tX%

(p](x]) (p2](x2/x])= f2(x,)

An unconditional distribution law is found by
averaging in the (2) probability
p=L-(x; +x,)by length x,

X2m

(p](x])zcl < Si(xp) 'J.}\"(x] +x2)-f2(x2)dx2 =
0
=C L fi(x)

where C,is the normalizing factor. Thus

X
(p](x]):%'ﬁ(xl);
1 2

(X, +x,)
X, )=—=——=""/,(x,). 4
(Pz( 2) X +X, fo(xy) “4)
To determine the law W, (z/x,,x,), let us con-

sider two vehicles with the lengths of x, and x,

correspondingly, (Fig. 2), and for certainty we
will accept x, > x, .

T
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Fig. 2. The diagram of two vehicles coincidence

Let us mark as 7 a random magnitude which
fixes the moment ¢ of appearance of vehicles on
the second traffic lane relative to the beginning
of vehicles on the first traffic lane. When ¢

changes in the interval (-x,,x), the random

magnitude Zof coincidence duration changes
according to trapezoid law z(¢) taking the value

0<z<x <x, (Fig. 3)

=X, St<Xx —X,
with x, —x, <¢t<0
0<t<x,

z=x,+t
z=x; =const(5)

z=x—t

So, some value ofz, where0<z<x,, corre-

sponds to two values of 7:¢, Ta t,.

Section [—x,,(x; —x,)) of the graph presented
on Fig. 2 characterizes the coincidence of two
vehicles, and segment (0,x,] characterizes their
removal from each other. Segment [(x, —x, ),0]
characterizes the complete coincidence of two
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vehicles and the value of this segment is deter-
mined by a longer vehicle, and its duration is
determined by the speed of the vehicles conver-
gence. The slope of the characteristics on seg-
ments [—x,,(x; —x,)) and (0,x,] depends on the
speed of convergence and drifting of vehicles
from each other.

T z(1)
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Fig. 3. The graph of changing duration of
coincidence of two vehicles

Taking into account that the probability of coin-
cidencedp = Adt, shown in Fig. 2, we find an

integral distribution law

1 1%
F(z)=P(Z<z)=— | Mdt+— |\dt,
(2)=P(Z<z) p_{z p,{

where(0<z<x,).

Integrating and taking into account the fact that
according to (5) f=z-x,andt =z-x,,

and p =L-(x, +x,), we find

z :(l‘]+x2)+(x]—t2): 2.z
F(z) (% +x,) (x]+x2)’

(0<z<x).

At the point z=x, function F(z) receives a

finite increment

- _oyo L h _(xz—x])
AF_P(Z_x,)—le:[xzkdt—(x]+x2)
Thus,
2z (x-x) ~
PO Grm) ) TG
(z20), (6)

where H (z) is a solitary function;
with z<0 F(z)=0.

Function (6) can be considered as a conditional
integral function of distribution Z relative to
X,and X, , that is,

F(z) =F]2(i,x2] =P

X
(Z<zl X, =x,X,=x,).

Hence the conditional distribution law is

dF
VV]Z(Z/XI’XZ):Z:
2 (x,—x;)
d(z— 0
(x]+x2)+(x]+x2) (z=x)  (0<z<x) . (7)
0 (2<0,z>x))

whered(z)is the delta function. A similar ex-

pression is found at x, > x,.

Substituting expressions (3), (4) and (7) into
formula (1), we obtain

VI/E3)(x1,x2,z)=
) (;);%(xZ)[er(xz _xl)'S(Z_xl)]
%[2+(}q—xz)-6(z—xz)]
(0<z<x)
{ (z£0,2>x1)} ®

Integrating, we define a two-dimensional distri-
bution law

() fr(x)
(OCE e &S

S(z—x,)dx, ]+

-[2+(x] —xz)-

¥i(2)=1-[f,(y)dy. ©
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Integrating again, we find a one-dimensional
law of distribution of duration of vehicles’ coin-
cidence on two (n =2) lanes of motion

Xm

W(Z)=W2 (Z)= J.VV(Z)(x],z)dx] =

X
1 2m

== )_(2[2-\1',() j\P )dx +

Y, (x)dx]. (10)

Z)T‘P(x)dx}.(ll)

The task of determining one-dimensional law
W(z) of the distribution of the duration of ve-
hicles’ coincidence by nlanes (n > 2) is equiva-

lent to the task of determining the law of distri-
bution of the duration of the vehicles’ coinci-
dence by two lanes, one of which is the first giv-
en lane, and the other one is the equivalent lane,
the length of the vehicle on which is equal to the
length z=2z, |, the coincidence of vehicles on

n—1given lanes. So, knowing distribution law
W, (z) for the n—1 lanes, we can find distri-

n

bution law W, (z) using formula (10).

Let us find the probability p, of coincidence of

vehicles for two lanes of motion, the lengths of
which are distributed according to laws

fi(x;) (i=1,2), provided that vehicles appear
on one of the lanes.Let us assume that a vehicle
of a certain length x, moves on the first lane of
the road. Then the probability of a case 4, /x,,

consisting in the coincidence of the vehicle with
the length x, that appeared in the second lane

with the vehicle of length x,, is expressed by
the equality [7]

P(4, /%)= (x+x,).  (12)

This probability can be considered as the proba-
bility of case A4, associated with the hypothesis

x,, whose probability is equal to f,(x,)dx,.
Therefore, the average (full) probability of coin-

cidence of the vehicle with the length x, with a

vehicle of any length (no matter which) moving
along the second lane of motion, is found by
averaging probability (12) by x,

P(4,)= xzjmi
0

=) (x+X,). (13)

-(x] +x2)-f2(x2)dx2 =

In turn, the probability expressed by the formula
(13) can be considered as a conditional proba-
bility P(A/x,)of case A (the coincidence of

two vehicles of the same or different length,
moving along two adjacent lanes of the road)
associated with the hypothesis x, (the one of
occurrence of the vehicle with length x, on the
first lane), whose probability is equal to
f1(x;)dx. Thus, the sought probability of coin-

cidence of vehicles of random length on two
lanes is

Xm

P, = JX-(x]+)?2)-ﬁ(x])dx, =

(x,) 5 (xz)a’x,a’x2 =

:k-(X]+X2). (14)

The given considerations can be extended to any

number of n lanes (i=1,2,...,n). For un-

changed lengths of vehicles for each of the
lanes, the probability of their coincidence (sub-
ject to the appearance of vehicles on one of the
lanes) is expressed by equality [7]

=" ‘z Hx (15)

l]xll]

The probability of coincidence of vehicles of
random length along the rnlanes is found by

averaging probability p, by lengths x,on all
lanes of motion.

Xm Xnm n n
ln ) J. v([lzlxl i= ]xl f; )
_ﬂvn ]i 1 &£ Xl (16)

i i=l

Thus, as to the probability of coincidence, the
lane of motion of a vehicle of a random length is
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equivalent to a lane of motion of a vehicle of a
permanent length, which is equal to the mathe-
matical expectation of the length of the vehicles
on the lane of the road.

It can be said that the distribution of moments of
occurrence of vehicles involved in the coinci-
dence of vehicles is also subject to the Poisson
law with average density

A, =h-p". (17)

Mathematical expectation Z = Z, of the duration

of the coincidence of vehicles on two lanes of
motion (n=2)can be found by formula (10).

Let us look into more general considerations. By
unchanged lengths of vehicles x; and x, the av-

erage duration of coincidence of vehicles on two
lanes of motion is expressed by formula [3]

Z= X, -X, /(x;+x,). By random values of X
and X, , the result expressed by the latter equali-
ty, must be averaged by lengths x,and x, of the

vehicles involved in the coincidence of the two
vehicles, that is

XmX2m

= X, - X
) !). !). (x]]+xzz)'¢(2)(x],x2)dx,dx2,(18)

where, according to equalities (3) and (4),

(p(2)(x1’x2) =0 (x])-(p2] (x2 /x]):

X +Xx
% fi(x)-fo(x). (19
Substituting (19) into (18) and integrating, we
find

- X,
ZZ__—
X 2

><| ><'

When n =3, itis possible to replace two lanes
with one lane, on which there are vehicles of
random length z, , from where

— — -1
Z. =§2')£3 = ;+_L+_L .
U Z+X, X, X, X,

Passing from p and p+1lanes of motion, we

find the average value of duration of coinci-
dence of vehicles by n lanes

Z = (ZXLJ . (20)

i=l

We emphasize that relation (20) does not depend
on the type of distribution laws.

Let us consider the case where the length of ve-
hicles on the lanes is distributed according to the
limited exponential law

(O<x<x,), (1)

where x" —is the parameter of the distribution
lawand 4 —is the normalizing factor

Ti* 7dx A= !
0

=tn (22

~m ’Ym X

X l-e

We note that with limited law (21), the average
lengthis X #x"

X = J.x‘i*'e?dxzA-x*[l—(l+ym)-e_7"’]=
=X -[l—ym-e_ym—ym-e_zym —] (23)

According to expressions (9) and (11), for the
casen =2 we find

A2

%(2)27

'[2-e’2Y e e I (y =y, —3)] >
(24)

z
wherey =—
x

(osmvmﬁ"zﬁ":} (25)
X X

Let us consider the boundary case, when x" is so
small that we can take x, — o (practically

x,, > x"). In this case X —» x*, 4 —1 and

z

Le% e

X

o
—_
N
~—
Il
N
—_
N
~—
Il
Q
=
Il

* *
where x, =x /2.

At that, the average duration of the coincidence

is (Z,),  =x=x/2. Actually, when
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£ . . .
x, >5-x , one may ignore the restrictions on

the duration of the distribution law (22). This is
illustrated by the relation of mathematical
expectations

1-(1+y, )€™
l+e

=l-y, (e +e?m ). (27)

. 1 I .
Assuming f(x)=—-e * it is not difficult to
x

find the distribution law of the duration of the
vehicles coincidence by » lanes.

w (z)=£-e_"* =—-e™

* * -
where x, =x /n=2Z,.

As we can see, the exponential law of the distri-
bution of the vehicles’ length by the lanes has
stability: the duration of the coincidence is also
distributed according to the exponential law.

Let us determine the probability of a collision of
vehicles for lanes of I-IV categories of roads by
violation of the rules of manoeuvring and driv-
ing the vehicle onto the adjacent or oncoming
lane of motion. When the vehicle moves onto
the oncoming traffic lane, the probability of ve-
hicles’ collision is denoted by p which depends
on a number of parameters, including: flow den-
sity, vehicles’ motion speed, condition of road
surface, mental and physical state of the driver,
his behaviour on the road, time of day, day of
the week and other random factors.

We will mark the following cases for categorie-
sII-IV of roads. Let A4, be the case when a vehi-
cle goes on the roadside with the control lost,
and A4, is the case when a vehicle goes onto the
oncoming traffic lane. Then the probability of a
collision will be equal to

P(4)=P(4,)=0,5. (28)

We will mark with F the case of a collision of
vehicles at vehicle moving onto the oncoming
traffic lane, and G — will be the case of vehicles
collision for the II-IV categories of roads. Then

P(F)=P(Fl|4,)=p. (29)

From where

P(G)=P(A4 )P(F|4)+P(4,)P(F|4,)=
=0,50+0,5p. (30)

Obviously, expression (2) is valid for the adja-
cent (second) lane of one traffic direction for the
road of category I. Therefore, expression (2) will
be written in the form of

P(R)=P(Fl4)=p. (1)
Let us determine the probability of vehicles’
collision on the third lane of motion in the same

direction. Let's mark the case of collision of ve-
hicles on the third lane of traffic with F, . Then

F,=(FnF). (32)

From where the probability of the collision will
be equal to

P(F,|4,)=P(F)-P(F)=(1-p)-p, (33)

and the probability of case G will be equal to

:0,5-(p+( ) p) (34)

Similarly, expressions (32) and (33) at the colli-
sion of vehicles on the fourth lane will be rewrit-
ten in the form of

F,=(FNFNF), (35)

P(F)-P(F)=

P(Fy|4,)=P(F)-
)P (36)

=(1-p)-(1-p

Then the probability of the case G will be equal
to

P(G)=P(4,)-P(F4,)=
=0,5-(p+(1-p)-(1-p)-p). 37

Let us mark the collision of vehicles on any of
four lanes for the first category road with V.
Then

V=(FRUFUF), (38)
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From where the probability of the collision will
be equal to

P(V|4,)=P(F|4,)+ P(Fy| 4,)+ P(Fy | 4,) =
=p+(1-p)-p+(1-p)-(1-p)-p. (39

Then the probability of case G for the first cate-
gory road will be equal to

P(G)=P(4,)-P(Vl4,) =

=0,5-(p+(1—p)-p+(1—p)2-p). (40)

Taking into account the traffic in both directions
for roads of I-1V categories with different num-
ber of lanes in each direction, with the loss of
controllability of the vehicle and its collision
with another vehicle on one of the adjacent
lanes, the probability of case G can be written in
general as

P(G)=0.5-p-3 (1-p). 41)
k=0

Conclusion

The probability of 7 coincidence of vehicles of
random length, whose moments of appearance
on the lanes of motion are subject to the Poisson
law, is determined only by the average value of
the lengths of the vehicles on the lanes and the
average frequency of their repetition.

The average value of duration of n vehicles co-
incidence under the specified conditions is de-
termined only by the average value of the
lengths of the vehicles on the lanes, regardless
of the laws of distribution of the vehicles’
lengths by the lanes.

The law of the distribution W, (z) of duration of
nvehicles’ coincidence, generally speaking,
significantly depends on the laws of distribution
fi(x;) of lengths x;, of vehicles on the lanes.
However, with the increase in the number of »
lanes, the law W, (z) approaches the exponen-
tial one. At the exponential law of the distribu-
tion of vehicles lengths on the lanes, the dura-
tion of nvehicles coincidence is also distributed
according to the exponential law.

Taking into account the traffic in both directions
for roads of categoriesl-1V with different num-

ber of lanes in each direction, with the loss of
controllability of the vehicle on one of the lanes,
the probability of case G (collision of vehicles
on one of the lanes) is determined by expression
(41).
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